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Abstract
Given a graph G = (V, E), a set ψ of non-trivial paths, which are not necessarily open, called ψ-edges, is called a graphoidal
cover of G if it satisfies the following conditions: (GC − 1) Every vertex of G is an internal vertex of at most one path in ψ , and
(GC −2) every edge of G is in exactly one path in ψ ; the ordered pair (G, ψ) is called a graphoidally covered graph. Two vertices
u and v of G are ψ-adjacent if they are the ends of an open ψ-edge. A set D of vertices in (G, ψ) is ψ-dominating (in short ψ-dom
set) if every vertex of G is either in D or is ψ-adjacent to a vertex in D. Let γψ (G) = inf{|D| : Disaψ − domseto f G}. A ψ-dom
set D with |D| = γψ (G) is called a γψ (G)-set. The graphoidal domination number of a graph G denoted by γ 0ψ (G) is defined as
in f {γψ (G) : ψ ∈ GG}. Let G be a connected graph with cyclomatic number µ(G) = (q − p + 1). In this paper, we characterize
graphs for which there exists a non-trivial graphoidal cover ψ such that γψ (G) = 1 and l(P) > 1 for each P ∈ ψ and in this
process we prove that the only such graphoidal covers are such that l(P) = 2 for each P ∈ ψ .
c⃝ 2015 Kalasalingam University. Production and Hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
Throughout this paper, we shall follow the notation and terminology of Harary [1] and West [2] for graphs, unless
specifically defined otherwise. Also, all graphs considered in this paper are simple, finite, undirected and connected.
Let G = (V, E) be a graph. The number of vertices and number of edges of G are denoted by p and q respectively. If
P = (u0, u1, u2, . . . ., un) is a path, not necessarily open, in G then u0 and un are called external or end-vertices of P
and u1, u2, . . . , un−1 are called internal vertices of P . Given a graph G = (V, E), a set ψ of non-trivial paths, which
are not necessarily open, called ψ-edges, is called a graphoidal cover of G if it satisfies the following conditions:
(GC −1) Every vertex of G is an internal vertex of at most one path in ψ , and (GC −2) every edge of G is in exactly
one path in ψ ; the ordered pair (G, ψ) is called a graphoidally covered graph. The set of all graphoidal covers of a
graph G is denoted by GG . For the study of graphoidal covers, the reader can refer to [3,4].
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Fig. 1. ψ1 = {(x, z, w, x), (x, y, w), (y, z)}, ψ2 = {(x, z), (y, w), (x, y, z, w)}, ψ3 = {(x, z), (y, w), (y, x, w), (y, z, w)}.
Fig. 2. ψ = {(v1, v3, v2, v4), (v3, v4, v1, v2)}.
Fig. 3. ψ1 = {(v1, v2, v3, v4, v5, v1), (v1, v6, v7, v1)}.
Fig. 1 exhibits a graphoidal cover ψ on a finite graph G where a black node denotes a vertex which is not internal
to any ψ-edge, a small line segment attached to an end of an edge denotes an end vertex of the ψ-edge to which the
edge belongs and a white vertex represents an internal vertex of the unique path to which it belongs.
Clearly, for any graph G = (V, E), the set E := E(G) of its edges (paths of length one) is itself a graphoidal
cover of G, which we shall refer to as the trivial graphoidal cover of G. K2 is the only graph having GG = {E(G)}.
A graphoidal cover ψ of a graph containing at least one ψ-edge of length greater than one is called a non-trivial
graphoidal cover. In Fig. 2, ψ is an example of a non-trivial graphoidal cover of the graph G.
The notion of domination in graphs is extended to graphoidal covers of a graph as follows. Two vertices u and v
in a graphoidally covered graph (G, ψ) are said to be ψ-adjacent if they are the ends of an open ψ-edge. A set D of
vertices in (G, ψ) is ψ-dominating (in short ψ-dom set) if every vertex of G is either in D or is ψ-adjacent to a vertex
in D. We denote by Dψ (G) the set of all ψ-dom sets of (G, ψ). Clearly the vertex set V (G) of G is a ψ-dom set for
any ψ ∈ GG so that V (G) ∈ Dψ (G) for any ψ ∈ GG ; therefore, we call V (G) the trivial ψ-dom set of (G, ψ). A
graphoidal cover ψ such that Dψ (G) = {V (G)} is called a totally disconnecting graphoidal cover of G in the sense
that no two vertices in G are then ψ-adjacent, and the corresponding graphoidally covered graph (G, ψ) is said to be
ψ-independent. Fig. 3 is an example of such a graphoidal cover of a graph. A ψ-dom set D of (G, ψ) is said to be
proper if V (G)− D ≠ ∅. Then γψ (G) = inf{|D| : D ∈ Dψ (G)} is called ψ-domination number of G. A ψ-dom set
D with |D| = γψ (G) is called a γψ (G)-set. For ψ = E(G), γψ (G) is the usual domination number of G, denoted by
γ (G).
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The graphoidal domination number of a graph G, denoted by γ 0ψ (G), is defined as in f {γψ (G) : ψ ∈ GG}. Clearly
for any graphoidal cover ψ ∈ GG , 1 ≤ γψ (G) ≤ |V (G)|.
Let µ = µ(G) denote the cyclomatic number of the finite (p, q) graph G. It is well known that µ(G) = q− p+ k,
where k is the number of components of G [1]. In [5], Acharya and Gupta raised the following problem: For a given
graph G with arbitrary value of µ(G), is it always possible that there exists a non-trivial graphoidal cover ψ of G such
that
γψ (G) = 1. (1)
In [5] it has been proved that for µ(G) = 0 or 1, the only possible graphoidal covers satisfying γψ (G) = 1 are the
trivial ones. In this paper, we make an attempt to characterize graphs with µ(G) ≥ 2 and which possess a graphoidal
cover ψ such that γψ (G) = 1. Obviously, for a graph having a vertex of full degree, the trivial graphoidal cover
ψ = E(G) is such that γψ (G) = 1. Now the natural question arises as: Should a graph having a vertex of full degree
always have a non-trivial graphoidal coverψ satisfying γψ (G) = 1? A star or a triangle are simple examples of graphs
having vertices of full degree yet not having a non-trivial graphoidal cover satisfying Eq. (1). Thus the condition of
having a vertex of full degree is not sufficient to have such a graphoidal cover. In this paper we characterize graphs
which possess a graphoidal cover ψ satisfying γψ (G) = 1. We also characterize graphs for which there exists a non-
trivial graphoidal cover ψ such that γψ (G) = 1 and l(P) > 1 for each P ∈ ψ and in this process we prove that the
only such graphoidal covers are such that l(P) = 2 for each P ∈ ψ .
2. Results
Theorem 2.1. Let G = (V, E) be a (p, q) graph. Let ψ ∈ GG be such that γψ (G) = 1. Then G has a vertex of full
degree.
Proof. Let {u} be a γψ (G)-set. We will show that u is a vertex of full degree. On the contrary, assume that there
exists a vertex z which is not adjacent to u. But z is ψ-adjacent to u as {u} is a γψ (G)-set. So, there exists a ψ-edge
say P1 of length greater than one with z and u as end-vertices. Let P1 = (u, u1, u2, . . . ., uk, z) where k ≥ 1. Now
u1 is also ψ-adjacent to u so there exists a ψ-edge say P2 with u and u1 as end-vertices. Note that l(P2) > 1. Let
P2 = (u, v1, v2, . . . , vm, u1) where m ≥ 1, v1 ∈ V (G) − V (P1). Now, v1 is ψ-adjacent to u and the process will
continue creating a new vertex at every step. This is a contradiction to our assumption that G is finite. This completes
the proof. 
We now proceed to investigate the structure of graphs possessing a non-trivial graphoidal cover ψ such that
γψ (G) = 1.
Theorem 2.2. A graph G possesses a non-trivial ψ ∈ GG such that γψ (G) = 1 if and only if the following conditions
are satisfied:
(1) G has at least one cycle of length greater than or equal to four and
(2) G has a vertex of full degree.
Proof. Suppose there exists a non-trivial ψ ∈ GG such that γψ (G) = 1. Let {z} be a γψ (G)-set of G, then z is a vertex
of full degree. Now we have the following cases:
Case (i) All the vertices in V (G)− {z} are ψ-adjacent to z with a ψ-edge of length one.
In this case at least one vertex in V (G)− {z} is of degree greater than two, otherwise ψ = E(G). This proves the
assertion in this case.
Case (ii) There exists a vertex y ∈ V (G) which is ψ-adjacent to z with a ψ-edge say P of length greater than one.
Let P = (z, u1, u2, . . . ., uk, y) where k ≥ 1. If k ≥ 2, then (z, u1, u2, . . . .uk, y, z) forms a cycle of length ≥4.
Otherwise for k = 1, P = (z, u1, y). Now, u1 is ψ-adjacent to z so there exists a ψ-edge P1 ∈ ψ with u1 and
z as the end-vertices. Note that the l(P1) > 1. Let P1 = (z, v1, v2, . . . , vm, u1), where m ≥ 1. If m ≥ 2, then
(z, v1, v2, . . . , vm, u1) forms a cycle of length greater than or equal to four. Otherwise for m = 1, P1 = (z, v1, u1). In
this case, (z, v1, u1, y, z) forms a four cycle.
Conversely, suppose there exists a vertex v of full degree and let C = {v1, v2, v3, . . . , vr } be a cycle in G, where
r ≥ 4. If v ∉ C then C along with all other edges of E(G) − E(C) form a non-trivial graphoidal over ψ of G such
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Fig. 4. A graph with µ(G) = 4 and a graphoidal cover ψ satisfying ∥ψe(v)∥ = 4.
that γψ (G) = 1. If v ∈ C , let v = v1. Then the path P = (v2, v3, . . . , vr ) along with the edges in E(G) − E(P)
forms a non-trivial graphoidal cover of G satisfying γψ (G) = 1. 
The following theorem gives a necessary condition for a graph with k fundamental cycles to have graphoidal
domination number equal to one.
Theorem 2.3. Let G = (V, E) be a finite graph with µ(G) = k and let ψ ∈ GG be such that γψ (G) = 1. Then
∥ψ∥ ≤ k.
Proof. It has been proved in [6] that for a graphoidally covered graph (G, ψ) with µ(G) = k, γψ (G) ≥ ∥ψ∥ − k.
Hence, ∥ψ∥ ≤ k + 1.
Now we will show that ∥ψ∥ ≠ k + 1. Let {u} be a γψ (G)-set of G. On the contrary assume that ∥ψ∥ = k + 1. Let
P be a ψ-edge of length (k + 1). Here we have three possibilities:
Case (i) u is an internal vertex of P .
In this case |V (P)∩ (V − D)| = k + 1. These k + 1 vertices are ψ-adjacent to u as {u} is a γψ (G)-set which gives
rise to at least k + 1 fundamental cycles, which is a contradiction.
Case (ii) u is an end-vertex of P .
In this case |V (P) ∩ (V − D)| = k + 1. Now k internal vertices of P are ψ-adjacent to u which give rise to at
least k fundamental cycles. Let P = (u, u1, u2, . . . , uk, u(k+1)). Note that u1 is ψ-adjacent to u with a ψ-edge say
P1 of length greater than one. Let P1 = (u, w1, w2, . . . , wr , u1), where r ≥ 1. Now each wi (i = 1, 2, . . . , r) is
also ψ-adjacent to u and give rise to at least r fundamental cycles (r ≥ 1). Thus, in this case G has more than k
fundamental cycles which is a contradiction.
Case (iii) All the vertices of P are contained in V − D.
All k+2 vertices of P areψ-adjacent to u and form at least k+1 fundamental cycles, which is again a contradiction.
Thus, ∥ψ∥ ≠ k + 1. Hence, ∥ψ∥ ≤ k. 
The next corollary is immediate from the above theorem.
Corollary 2.1. Let G = (V, E) be a (p, q) graph with µ(G) = k and let ψ ∈ G(G) be such that γψ (G) = 1. Let
{v} be a γψ (G)-set. Then ∥ψe(v)∥ ≤ k, where ∥ψe(v)∥ denotes the length of the longest ψ-edge having v as one
end-vertex.
The bound on ∥ψe(v)∥ obtained in the above theorem is sharp. Consider the graph shown in Fig. 4 with
ψ = {(v, v1, v2, v3, v4), (v, v4, v1), (v, v2), (v, v3)}.
Here ∥ψe(v)∥ = 4 and k = 4.
Now we are interested in the graphs which attain the bound proved in the last theorem. First we characterize graphs
G with k fundamental cycles possessing a graphoidal cover ψ ∈ GG such that γψ (G) = 1 and ∥ψe(v)∥ = k where
{v} is a γψ (G)-set.
Theorem 2.4. Let G be a graph with µ(G) ≥ 3. Let ψ ∈ GG be such that γψ (G) = 1 and let {v} be a γψ (G)-set. Let
∥ψe(v)∥ = k. Then the following conditions are satisfied:
(1) G has exactly one non-trivial block B which is isomorphic to K1 + Ck with v as its center.
(2) Every vertex in V (G)− V (B) is pendant with v as its support.
Conversely, let G be a graph with µ(G) = k, k ≥ 3 and satisfying conditions 1 and 2. Then there exists ψ ∈ GG such
that γψ (G) = 1, {v} is a γψ (G)-set and ∥ψe(v)∥ = k.
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Proof. Suppose G has k ≥ 3 fundamental cycles. Let ψ ∈ GG be such that γψ (G) = 1 and {v} be a γψ (G)-set
of G. Let ∥ψe(v)∥ = k. Then there exists a ψ-path say P0 of length k with v as one end-vertex. We claim that
P0 cannot be a closed ψ-edge. Suppose P0 = (v, v1, v2, . . . , vk−1, v) is a closed ψ-edge with v as the end-vertex.
The vertices v1 and v(k−1) are ψ adjacent to v. Hence, there exist two ψ-edges P1 and P2 of length greater than
one with v1 and v(k−1) as their one end-vertex and v as the other end-vertex. Let P1 = (v1, u1, u2, . . . , um, v) and
P2 = (v(k−1), w1, w2, . . . , ws, v) where m, s ≥ 1. Note that u′i s and w′i s do not belong to the set {v1, v2, . . . ., v(k−1)}
as these vertices are already internal vertices of the closed ψ-edge P0. Now u1 and w1 are also ψ-adjacent to v and
hence there exist at least two more vertices not included in P0 or P1 or P2. This process will continue and shows that
G is infinite which is a contradiction. Thus, P0 cannot be a closed ψ-edge. This proves condition 1.
Let P0 = (v, v1, v2, . . . ., vk−1, vk). All k vertices of P0 − {v} are adjacent to v so they form (k − 1) fundamental
cycles. Now we will show that (v1, vk) is an edge. Suppose (v1, vk) does not belong to E(G). v1 is ψ-adjacent to v so
there exists a ψ-edge (say) P1 of length greater than one with v1 and v as end-vertices. Note that P1 cannot contain
any of v2, v3, v4, . . . , vk−1 as an internal vertex. Also l(P1) = 2, otherwise G will contain more than k fundamental
cycles. Let P1 = (v1, w, v) for some w ∈ V (G) − V (P0). Then (v1, w, v, v1) is a fundamental cycle. Now w is
ψ-adjacent to v so there exists a ψ-edge (say) P2 of length greater than one with w and v as end-vertices, which
would imply that number of fundamental cycles in G is greater than k, a contradiction. Therefore, P1 ≠ (v1, w, v) for
any w ∈ V (G)− V (P0). Thus P1 = (v1, vk, v).
Also (vi , v j ) does not belong to E(G), for all i, j; |i − j | ≥ 2. Since otherwise µ(G) ≥ (k + 1), a contradiction.
w ∈ V (G)−V (P0) is not adjacent to any vertex of P0. Thus vertices of P0 form a block say B, which is isomorphic
to K1 + Ck with v as the center. This proves condition 1.
Now let w ∈ V (G)− V (B) be any vertex.
Claim: N (w) = {v}.
If there exists a vertex x ∈ V (G) − V (B) such that x ∈ N (w), then (w, x, v, w) forms a cycle and hence
µ(G) ≥ k + 1, a contradiction. Therefore, N (w) = {v}, for all w ∈ V (G)− V (B). This shows that all the vertices of
V (G)− V (B) are pendant vertices with v as the support. This proves condition 2.
Conversely, let G be a graph with k ≥ 3 fundamental cycles and G satisfying conditions 1 and 2. Let V (B) =
(v, v1, v2, v3, . . . , vk) and let {w1, w2, w3, . . . , wm} be the set of pendant vertices. Then ψ = {P0, (v1, vk, v), (v j , v)
(2 ≤ j ≤ (k − 1)), (wi , v)(1 ≤ i ≤ m)} is a graphoidal cover of G such that γψ (G) = 1, {v} is a γψ (G)-set and
∥ψe(v)∥ = k. 
Theorem 2.5. A graph G with k fundamental cycles possesses a graphoidal cover ψ ∈ GG satisfying γψ (G) = 1 and
∥ψ∥ = k if and only if G is isomorphic to K1 + (Ck H) or K1 + (Pk H) where Ck is a cycle of length k, Pk is
a path of length k and H is a union of isolated vertices.
Proof. Let P be a ∥ψ∥-edge where ∥ψ∥ = k. Let {v} be a γψ (G)-set of G. There are two possibilities:
Case (i) v does not belong to V (P).
Let P = (u1, u2, u3, . . . , uk, u(k+1)). Then each ui , (i = 1, 2, . . . , (k + 1)) is adjacent to v which give
rise to k fundamental cycles. Hence, (ui , u j ) does not belong to E(G), for all i, j; |i − j | ≥ 2. Now, let
x ∈ V (G) − (V (P){v}). Then x is adjacent to v as v is a vertex of full degree. If xui ∈ E(G) for some
i = 1, 2, 3, . . . , k + 1, then (v, ui , x, v) forms a cycle. If (x, x1) ∈ E(G) for some x1 ∈ V (G) − (V (P) ∪ {v}) then
(v, x, x1) forms a cycle and implies that µ(G) ≥ (k + 1), which is a contradiction. Hence, x is a pendant vertex at v.
Hence the graph is isomorphic to K1 + (P H) where P is a path or cycle and H is a set of isolated vertices (see
Fig. 5).
Case (ii) v ∈ V (P).
We claim that v cannot be an internal vertex of P .
Suppose v is an internal vertex of P . Let P = (u1, u2, . . . , u(i−1), v, u(i+1), . . . , u(k+1)). All the vertices of P
other than v are ψ-adjacent to v. ψ-adjacency of u1, u2, . . . , u(i−2), u(i+2), . . . , u(k+1) with v give rise to at least
(k − 2) fundamental cycles. Note that u(i−1) and u(i+1) are ψ-adjacent to v with ψ-edges of length greater than one
which give rise to more than two fundamental cycles. This would imply that µ(G) > k, a contradiction. Therefore, v
is an end-vertex of P . This implies that ∥ψe(v)∥ = k. Therefore, by Theorem 2.4, G is isomorphic to K1+ (Ck H),
where Ck is a cycle of length k and H is a set of isolated vertices.
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Fig. 5. A graph G with 4 fundamental cycles and a graphoidal cover ψ satisfying γψ (G) = 1 and ∥ψ∥ = 4.
Fig. 6. Types of graphoidal covers a graph with µ(G) = 2 may possess.
Conversely, if G is isomorphic to K1 + (P H), where P = (v1, v2, . . . , v(k+1)) and H = {x1, x2, . . . , xm} is a
set of isolated vertices, then ψ1 = {P, (v, vi ); i = 1, 2, . . . , (k + 1), (v, x j ); j = 1, 2, . . . ,m} is a graphoidal cover
of G such that ∥ψ∥ = k and γψ1(G) = 1. 
The discussion in the above theorems also answers the following fundamental question: “Given a graph G with
µ(G) = k, which graphoidal covers satisfy the following conditions: (i) γψ (G) = 1, (ii) ∥ψ∥ = k?”
Theorem 2.6. Let G be a graph with µ(G) = k and ψ ∈ GG be such that γψ (G) = 1, ∥ψe(v)∥ = k, where v is a
γψ (G)-set. Then ψ = {P1, P2, P3, . . .} where l(P1) = k, l(P2) = 2 and l(Pi ) = 1 for all i ≥ 3.
Theorem 2.7. Let G be a graph with µ(G) = k and ψ ∈ GG be such that γψ (G) = 1, ∥ψ∥ = k. Then
ψ = {P1, P2, P3, . . .} where Pi ’s satisfy one of the following:
(1) l(P1) = k, l(P2) = 2 and l(Pi ) = 1 for all i ≥ 3.
(2) l(P1) = k, l(Pi ) = 1 for all i ≥ 2 and P1 is an open ψ-edge.
(3) l(P1) = k, l(Pi ) = 1 for all i ≥ 2 and P1 is a closed ψ-edge.
Remark 2.2. Let G be a graph with µ(G) = 2. Let ψ ∈ GG be such that γψ (G) = 1 and let {v} be a γψ (G)-set.
Then G can be of two types as shown in Fig. 6. In Fig. 6(i) ψ is non-trivial with ∥ψ∥ = 2 and in Fig. 6(ii) ψ is trivial
i.e. ∥ψ∥ = 1. However in both the cases ∥ψe(v)∥ = 1.
Theorem 2.8. t8 Let G = (V, E) be a graph and let ψ ∈ GG be such that γψ (G) = 1. Let {v} be a γψ (G)-set and
l(P) > 1 for all P ∈ ψe(v). Then ∥ψe(v)∥ = 2.
Proof. Let G be a graph satisfying the above conditions. Since l(P) > 1 for all P ∈ ψe(v), ∥ψe(v)∥ ≥ 2. We claim
that ∥ψe(v)∥ ≤ 2.
On the contrary, assume that P ∈ ψe(v) be such that l(P) > 2. Let P = (v, v1, v2, . . . , vk), where k ≥ 3. Now
v1, v2 are ψ-adjacent to v so there exist ψ-edges P1 and P2 in ψe(v) of length greater than one with v1 and v2 as their
end vertices respectively. Except vk no other vertex of P is an internal vertex of P1 and P2. This creates the need of
one more vertex say vk+1. Now vk+1 is ψ-adjacent to v with a ψ-edge of length greater than one. This will create
one more vertex and the process will continue creating a new vertex at each step. This contradicts the finiteness of the
graph. This implies that l(P) < 2 for all P ∈ ψe(v). Therefore, l(P) = 2 for all P ∈ ψe(v). Thus ∥ψe(v)∥ = 2. 
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In the following theorem, we characterize graphs possessing a graphoidal cover ψ such that γψ (G) = 1 and
l(P) > 1 for all P ∈ ψ .
Theorem 2.9. Let G = (V, E) be a graph. Then there exists ψ ∈ GG such that γψ (G) = 1, {v} is a γψ (G)-set and
l(P) > 1 for all P ∈ ψ if and only if G is isomorphic to one of the following graphs:
(1) G is a block, which is a wheel with at least four vertices having v as the center.
(2) G is a separable graph in which every block is a wheel with at least four vertices, all the blocks having a common
cut-vertex namely v.
Proof. Let G = (V, E) be a graph. Let ψ ∈ GG be such that γψ (G) = 1, {v} be a γψ (G)-set and l(P) > 1 for all
P ∈ ψ .
Let B be a block of G. By Theorem 2.5, l(P) = 2 for all P ∈ ψe(v). Let v1 be a vertex in B. Then there exists a
ψ-edge P1 with v1 and v as end-vertices such that l(P1) = 2. Therefore, P1 = (v1, v2, v) for some v2 ∈ B. Now, for
v2 ∈ B, there exists a ψ-edge P2 = (v2, v3, v) for some vertex v3 ∈ B − {v1, v2}. Again for v3 ∈ B, there exist a
vertex v4 ∈ B and a ψ-edge P3 = (v3, v4, v). Now either v4 = v1 or v4 ≠ v1. If v4 = v1, then v1, v2, v3, v forms a
wheel. If v4 ≠ v1, then process will go on. Suppose vk ∈ B, then there exists vk+1 ∈ B such that Pk = (vk, vk+1, v).
If vk+1 = v, then v, v1, v2, v3, . . . , vk form a wheel otherwise we will continue in the same manner. Since B is a finite
block, vk+1 = v1 for some k. In this way v, v1, v2, v3, . . . ., vk form a wheel with v as a center. Also (vi , v j ) does not
belong to E(G), for all i, j; |i − j | ≥ 2. If (vi , v j ) ∈ E(G) for some i, j; |i − j | ≥ 2, then (vi , v j ) ∈ ψ as vi and
v j both are internal vertex of some ψ-edge. This implies that ψ has an edge of length one, which is a contradiction to
our assumption.
Now let w be a vertex in B−{v, v1, v2, . . . , vk}. Then there exists a ψ-edge say Pw of length 2 with v and w as the
end-vertices. So, Pw = (w,w1, v) for some w1 ∈ B − {v, v1, v2, . . . , vk, w}. Again for w1 ∈ B there exists w2 with
Pw1 = (w1, w2, v) as ψ-edge with w1 and v as the end-vertices. This process will go on and contradict the finiteness
of G. This shows that B does not contain any vertex other than v, v1, v2, . . . ., vk . Hence B is a wheel. Since B is any
arbitrary block of G so each block of G is a wheel with v as its center.
Conversely, let G be a graph which satisfies exactly one of the conditions 1 and 2 of the theorem. Let B
be a block with v, v1, v2, . . . , vk vertices, where v is a vertex of full degree and the center of the wheel. Let
ψB = {(v1, v2, v), (v2, v3, v), (v3, v4, v), . . . , (vk−1, vk, v), (vk, v1, v)}. Let ψ = ψB, where union is taken over
all the blocks B of G. Then ψ ∈ GG is such that γψ (G) = 1 and all ψ-edges are of length greater than one. 
Remark 2.3. It can be easily seen that under the conditions of Theorem 2.9, ψ = ψe(v). This further implies that
∥ψ∥ = ∥ψe(v)∥ = 2.
The next theorem is an immediate consequence of the above discussion.
Theorem 2.10. Let G = (V, E) be a graph. Let ψ ∈ GG be such that γψ (G) = 1, {v} be a γψ (G)-set of G and
l(P) > 1 for all P ∈ ψe(v). Then G contains H as an spanning subgraph, where H is one of the following:
(1) H is a wheel with at least four vertices and v as its center.
(2) H is a separable graph in which every block is a wheel with at least four vertices all attached at their common
center v.
Conversely, if G is a graph containing H as a spanning subgraph which satisfies either 1 or 2 of the theorem, then
there exist ψ ∈ GG such that γψ (G) = 1, {v} is a γψ (G)-set and l(P) > 1 for all P ∈ ψe(v).
Now we conclude with the following open problems:
Problem 1. Can a graph have more than one non-trivial graphoidal cover ψ such that γψ (G) = 1 for each such ψ?
Are these graphoidal covers isomorphic?
Problem 2. Characterize graphs G which have a unique non-trivial graphoidal cover ψ such that γψ (G) = 1.
Problem 3. Let G be a graph and let ψ ∈ GG be such that γψ (G) = 1. Is the γψ (G)-set unique? If not, characterize
graphs for which γψ (G)-set is unique for a given graphoidal cover ψ .
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Problem 4. Characterize graphs with µ(G) = k possessing a graphoidal cover ψ satisfying γψ (G) = 1 and
∥ψe(v)∥ = r, 3 ≤ r ≤ k where {v} is a γψ (G)-set.
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